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Elementary functions

• The exponential function

For every z ∈ C define

ez =
+∞∑
n=0

zn

n!
.

The exponential is an entire function such that D(ez) = ez.

Moreover:
– ez+w = ezew for every z, w ∈ C;

– ez is 2πi–periodic and not continuous at ∞;

– If z = x+ iy, then ez = ex(cos y + i sin y);

– |ez| = ex and arg(ez) = y + 2kπ, k ∈ Z;

– for every nonzero complex number α = ρeiϕ the equation ez = α has the infinite solutions
zk = ln ρ+ i(ϕ+ 2kπ), k ∈ Z.

• The trigonometric functions

For every z ∈ C define

sin z =
+∞∑
n=0

(−1)n
z2n+1

(2n+ 1)!
, cos z =

+∞∑
n=0

(−1)n
z2n

(2n)!
.

They are both entire functions such that D(sin z) = cos z and D(cos z) = − sin z.

Moreover:
– (Euler formula) sin z = 1

2i(e
iz − e−iz) , cos z = 1

2(eiz + e−iz);

– They are 2π–periodic and not continuous at ∞;

– sin(−z) = − sin z and cos(−z) = cos z;

– For every z, w ∈ C,

sin2z + cos2 z = 1,

sin(z + w) = sin z cosw + cosw sin z,

cos(z + w) = cos z cosw − sinw sin z;

– If z = x+ iy, then

sin z = sinx cosh y + i cosx sinh y,

cos z = cosx cosh y − i sinx sinh y;

– | sin z|2 = sin2 x+ sinh2 y and | cos z|2 = cos2 x+ sinh2 y;

– Both functions take every complex value infinitely many times.



• The hyperbolic functions

For every z ∈ C define

sinh z =

+∞∑
n=0

z2n+1

(2n+ 1)!
, cosh z =

+∞∑
n=0

z2n

(2n)!
.

They are both entire functions such that D(sinh z) = cosh z and D(cosh z) = sinh z.

Moreover:

– sinh z = 1
2(ez − e−z) , cosh z = 1

2(ez + e−z);

– They are 2πi–periodic and not continuous at ∞;

– sinh(−z) = − sinh z and cosh(−z) = cosh z;

– For every z, w ∈ C,

cosh2z − sinh2 z = 1,

sinh(z + w) = sinh z coshw + coshw sinh z,

cosh(z + w) = cosh z coshw + sinhw sinh z;

– If z = x+ iy, then

sinh z = sinhx cos y + i coshx sin y,

cosh z = coshx cos y + i sinhx sin y;

– | sinh z|2 = sinh2 x+ sin2 y and | cosh z|2 = sinh2 x+ cos2 y;

– Both functions take every complex value infinitely many times;
–

cosh(iz) = cos z , sinh(iz) = −i sin z.


